
2218 AIAA JOURNAL, VOL. 39, NO. 11: TECHNICAL NOTES

component (k 0
v) is generally predicted well in the region far from

the wall by all three models, although the EVM provides excessive
overpredictionclose to the wall (yC » 10).

In contrast to this, the predictive performance of k 0u (in the
x direction) shows signi� cant differences between the models. Be-
cause the turbulentdiffusion vector predicted by the EVM complet-
ely aligns with the spatial gradientof k, the EVM cannot predictk 0 u
as shown in Fig. 2a [see Eq. (3)]. The GGDH model has some
possibility of predicting the streamwise component by introduc-
ing the Reynolds-stressanisotropy.As seen in Fig. 2b, however, the
GGDH model gives extreme underprediction of k 0 u and, thus, its
predictiveperformancestill leavesquite a wide margin for improve-
ment.

On the other hand, the quadratic model generally gives a
reasonable prediction for both k 0 u and k0

v, although some under-
prediction is seen in the limited region around yC » 30. Note that
no previously proposed explicit algebraic model for Eq. (1) could
capture this basic feature of k 0 u as precisely as the present quadratic
model does. Hence, it is expected that the quadratic model will lead
to more advanced algebraic turbulent diffusion models with further
modi� cation for the model coef� cient Ck .

IV. Conclusions
To improve the prediction accuracy for the turbulent diffusion

term appearing in two-equation models, a priori estimations have
been performed by processing the LES data of a fundamental chan-
nel � ow. In this study, some representative algebraic expressions
were reexamined carefully, and we proposed a new way of model-
ing the turbulent diffusion. It introduces the quadratic products of
the Reynolds-stress tensor, appropriately re� ecting the knowledge
obtained from the present investigation. A priori tests show that the
model has the basic capability of predicting the turbulent diffusion
term much more precisely, not only in the wall-normal direction,
but also in the streamwise direction.
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Introduction

C OMPUTATIONAL processing capability continues to limit
the complexity and size of numerical simulations. Advance-

ments in computer hardware technology, notably the development
of powerful reduced instruction set computing microprocessors,
high-densitydynamic random access memory, and ultrahigh-speed
switchingnetworksnow allow theconstructionofmachineswith the
power to runapplicationsacrosshundredsto thousandsof processors
that outstrip the performance of traditional vector supercomputers.
This advancement in hardware still requires added effort in algo-
rithm design because intelligent compilers for these machines do
not yet fully exploit the parallelism in a computer code or map that
parallelism to a distributedmemory environment. It remains, there-
fore, a crucial task to design and test software for the best possible
parallel performance across a variety of machines. At present, the
popularpracticeof domain decompositionachievesa high degreeof
parallelismin grid-basedengineeringapplicationsof computational
electromagnetics(CEM) and computational � uid dynamics (CFD).

Because the Maxwell equations form a set of hyperbolic partial
differential equations, like the equations of � uid dynamics, meth-
ods developed in CFD apply also to CEM. The � nite difference
time-domain approach on staggered grids was pioneered by Yee1

in 1966, and Shankar et al.2 developed a � nite volume approach
with the method originally developed by Lax and Wendroff.3 Of
interest also is the technique introduced by Shang4 incorporating
the � ux-vector splitting methodologyof Steger and Warming,5 well
known in CFD. This technique has been implemented and tested
against theoretical solutions, experimental data, and frequency-
domain methods.6 To continue the development of this technique
with parallel machines, the � nite volume time-domain electromag-
netic computercodeCHARGE was developedby Blake7 at Wright–
Patterson Air Force Base. A domain decomposition strategy was
also implemented and analyzed by Blake and Buter,8 who con-
cluded that although theory favored higher-dimensionaldecompo-
sitions for superior performance (in terms of scalability), this did
not always result in practice. That work also indicated that par-
allel performance improved when the dimensionality of the do-
main decomposition closely matched the physical topology of the
underlying machine architecture. One question that remained was
whether an automatic domain decomposition strategy could evenly
divide the work among a given number of processors (load bal-
ancing) regardless of machine architecture (portability). Rapid ad-
vances in computer hardware also required that the electromagnetic
computer code again be compiled and tested on a variety of plat-
forms. This study, therefore,focusedon the portabilityand scalabil-
ity of the CEM code on the massively parallel machines currently
available.

Theoretical Background
Maxwell equations are well known to describe adequately elec-

tromagnetic phenomena of engineering interest. Constitutive rela-
tions for simple media (linear, isotropic, and homogeneous) in-
cludeD D ²E; B D ¹H, and J D ¾ E. These allow some � exibilityin
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writing the equations; with D and B representing the electric and
magnetic � eld variables, respectively, the Maxwell equations in
vacuo are

r £ D
²0

D ¡ @B
@t

(1)

r £ B
¹0

D @D
@t

C J (2)

r ¢ D D ½ (3)

r ¢ B D 0 (4)

where ²0 and ¹0 represent free-space conditions and relate to the
speed of light squared as c2 D 1=²0¹0 .

Limited only by one’s preference, constitutive relations can be
used to write equally valid expressionsusing the B and E variables,
or the H and D variables,or the H and E variables.For practicalpur-
poses typicalof engineeringapplications,only the curl equations(1)
and (2) are solved; the divergenceconditions (3) and (4) are degen-
eracies of Eqs. (1) and (2) in free space (where J and ½ are zero).
Equations (1) and (2) may then be written symbolically as a single
equation:
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where the state and source vectors are
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respectively.The � ux vectorsFF 1; FF 2, and FF 3 representthe remain-
ing curl operator terms (see Camberos and White9 for the complete
formulas).

To simplify the formulas, all variables are nondimensionalized
so that the speed of light in free space equals unity. Transformed
to a general curvilinearcoordinate system .»; ´; ³ /, these equations
become

@ OQQ
@t

C @ OFF 1

@»
C @ OFF 2

@´
C @ OFF 3

@³
D ORR (7)

where the carat represents the transformed quantities such that
JJ OX D X, where JJ equals the coordinate transformation Jacobian.
For time-invarianthexahedralcomputationalcells, the semidiscrete
formula for solving Eq. (7) is

VV
d OQQ
dt

C
6X

j D 1

On ¢ F j dA j ¡ VV ORR D 0 (8)

where F D OFF 1 Oe» C OFF 2 Oe´ C OFF 3 Oe³ and VV equals the cell volume. For
a structured grid, the transformed coordinates usually are orthog-
onal, and, therefore, only one of the � ux components is nonzero
in a given direction. The unit vector On is normal to the cell face
dA j and the transformed coordinate system has unit direction vec-
tors .Oe» ; Oe´; Oe³ /. The surface � uxes required in Eq. (8) are obtained
using a techniqueoriginally developedby Steger and Warming5 for
CFD. In this � ux-vector splitting scheme, the � uxes are decom-
posed according to the sign of the eigenvalues associated with the
� ux Jacobian matrices. For cell faces oriented in a given direction
the � ux vectors are calculated with the formula

OFF D OFF C. OQQL / C OFF ¡. OQQR/ (9)

where L and R denote values of the state variables as reconstructed
at the left (inner) and right (outer) sidesof a cell surface.Reconstruc-
tion of the state variables determines the spatial order of accuracy.
When van Leer’s MUSCL10 code is used, the state variables at the
cell interface are

OQQL D OQQ j C 1
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where

1 OQQ j D OQQ j C 1 ¡ OQQ j ¡ 1 (12)

12 OQQ j D OQQ j ¡ 1 ¡ 2 OQQ j C OQQ j C 1 (13)

A value of Á D 0 gives a � rst-order scheme (the original Steger–
Warming5 technique). As implemented, the parameters Á and ·
are set equal to 1 and 1

3 , respectively, for third-order accuracy on
a regular mesh. With formulas for computing the required surface
� uxes in Eq. (8), the equation is then integrated in time using a
two-stage Runge–Kutta scheme that is second-order accurate, as
detailed by Blake and Buter.8 For stability, the time-step restriction
uses the requirement obtained by Weber11 for this kind of solution
technique.

Boundary conditions (BC) for the current results are limited to
the perfect electrically conducting (PEC) surface and the far-� eld
radiation boundary.The far-� eld BC truncates the � ux-vector split-
ting calculationso that only interior cells are used. The PEC surface
requires that the tangential electric and the normal magnetic � elds
vanish, whereas the normal derivatives of the contravariant normal
electric and tangential magnetic � elds are zero. Details of the im-
plementation may be found elsewhere.9

Computer Code Implementation
Solving the electromagneticequationsas given by Eq. (8) is only

part of the simulation process. In general, the total solution pro-
cedure requires grid generation about a given geometry, domain
decomposition,solutionof the electromagneticequations,and post-
processingof results.Other than grid generation,the CHARGE dis-
tributionpackage12 containscomputercode(s) designedto automate
mostly the solutionprocess.The code automaticallydeterminesgrid
connectivityfor arbitrarilycomplex multi block grids and interpola-
tion stencils (for over set grids) with a searchstrategythat eliminates
the problem of producing orphan points like other techniques.13 A
separate preprocessing program automatically completes the do-
main decomposition by combining all grids into a single, unstruc-
turedlike grid that is then partioned in a balanced manner. This
nearly ideal load balancingtechniqueresults in goodparallelperfor-
mance across different computer architectures.The decomposition
technique is known as the recursive coordinatebisection method,14

and it provides good load balancing when using 2n computational
nodes, where n 2 [1; 2; : : :/. In serial mode, no decomposition is
needed. Blake and Shang15 give a more detailed description of all
algorithms and proceduresimplemented in the CHARGE computer
code package. Another unique feature of the code is the abstrac-
tion of library-speci�c calls in the C programming language. This
allows a single code implementation for use with different parallel
messagepassinglibraries includingParallelVirtualMachine (PVM)
and Message Passing Interface (MPI).15

It is well known that balancing work load and minimizing com-
municationbetween processors are essential for the effectiveuse of
parallel machines. In programming numerical procedures for solv-
ing the electromagneticequations,another requirementfor effective
use of parallel computers has been highlighted: the cache memory
and memory hierarchyutilization.15 Also, for practical applications,
a computerprogrammust be capableof solvinga wide rangeof prob-
lems with a minimum of modi� cations.CFD has met this goal with
either theoversetgridand/or theunstructuredgrid techniques.Either
way, the key to accommodate complex geometric shapes hinges on
the mappingof all grid topologiesontoa commonframework,which
allows for balanced work loads with good domain decomposition.
Unstructuredgrids require uniformand redundant references in cell
connectivity,an ideal approach for the widest range of applications.
In parallel computing using domain decomposition, the same com-
mon data structure automatically satis� es connectivity across the
partitioned domain. Once cell connectivity is established, calcula-
tions are made using a cell-based approach. This feature is unique
to the computer program CHARGE, where data is processed one
cell at a time until the whole database is updated in time, reducing
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communication time between processors signi� cantly in compari-
son with standard array-based operations.15

Terminology and De� nitions
Parallel programs can potentially solve bigger problems in less

time. To evaluatehow well a computer programperforms in parallel
mode, several measures of performance are available. The most
common are speed up and ef� ciency.16 Speed up is typicallyde� ned
as the ratio of program execution time on a serial machine to the
execution time on a parallelmachine. Because large-scaleproblems
may exceed the capacityof the hardware to be run serial, the present
work considers a more general de� nition of a relative speed up
and ef� ciency based on a reference run on some small number of
processors. In the ideal, the speed up will scale linearly with the
number of processors. In terms of ef� ciency, a program exhibits
linear speed up when the ef� ciency equals one. Typically, ef� ciency
will be less than or equal to one. If it drops below the inverse of
the processors used, the program has experienced slow down and
very poor performance due to excessive communication between
processors.

Relative Speed Up
Parallel performance was quanti� ed by de� ning relative speed

up as the ratio of the run time based on a reference number of
processors (typically one or two, but for this case we used eight
because of memory limitations for very large-scale problems) and
the run time for n p processors:

S.n p/ ´ [t .n0/=t .n p/] £ n0 (14)

where n0 equals the reference number of processors. The run time
t .#/ can be set equal to the program execution time for a � xed
numberof calculations.In this work, the run time equals the average
time required to compute one period of radar cross section (RCS)
data calculations.Other de� nitions of parallel speed up exist, and so
the reader may need to discern the correctmeaningwhen comparing
different results.

Ef� ciency
Measuring parallel performance can also be based on the ef� -

ciency of a parallel code, de� ned as the ratio of the relative speed
up to the number of processors used:

".n p/ ´ S.n p/=n p D t .n0/=t .n p/ £ .n0=n p/ (15)

where Eq. (14) was used to expand the expression.

Data Processing Time
The time required to process a computationalinstructioncan also

be used to assess the parallel performanceof a code. For this work,
this is de� ned as the average run time divided by the number of
cells and iterations required per period of RCS calculations. This
gives an estimate of the data processing time (DPT) de� ned by the
formula

DPT ´ t .n p/=Nc ¢ NI (16)

where Nc equals the number of grid cells and N I equals the number
of iterations required per period of RCS calculations. The product
Nc ¢ NI is � xed for a given grid.A steady DPT allows the run time to
increase linearly with a � xed number of processors as problem size
increases. This is a favorable characteristic for parallel programs.

Floating Point Operation Rate
Another measure of parallel performance, although not widely

used, is the � oating point operation rate (FPR), de� ned as the ratio
of the average number of � oating point operations (FLOPs) per
processor divided by the average run time for the given calculation:

FPR.n p/ ´ FLOPs=t .n p/ (17)

To obtain the averagenumber of � oating point operations, the ssrun
utility on the Silicon Graphics, Inc. (SGI), Origin 2000 was used

and switched off of the multiply–add instruction. The utility tracks
the number of � oating point operations per processor. From this,
an average number of � oating point operationsper processor is ob-
tained per period of RCS calculations.The � oating point operation
rate for each machine can then be obtained by dividing the result by
the average run time.

Memory Usage
Although not a measure of parallel performance, memory usage

indicates how much memory a given problem is using. One can
then estimate the minimum number of processors required to solve
very large-scale problems. The only machine that had an easy to
use utility for this was the Cray T3E, which had available job ac-
counting (JA). An estimate for typical memory usage was obtained
by dividing the CPU time–memory integral by the average number
of seconds of user CPU time (both given by JA).

Parallel Implementation and Compiling Options
CHARGE was compiled and executed on several different avail-

able machines. These included the IBM SP2/SP3 systems and the
SGI Origin 2000 located at the Aeronautical Systems Center Ma-
jor Shared Resource Center (MSRC) at Wright–Patterson Air Force
Base, Ohio, and a Cray T3E locatedat the Naval OceanographicOf-
� ce MSRC at the Stennis Space Center, Mississipi. Basic hardware
features of each machine are summarized at the respective MSRC
home pages on the World Wide Web.

Compilationsonall fourplatformsused the¡O3 optionforhighly
optimizedcode. In addition,themostaggressivein-liningoptionwas
used as available. This kind of aggressive optimization has the po-
tential to alter a code’s basic algorithmand can affect computational
results. Standard mathematic libraries and MPI, which has become
the industry standard, was used on all machines.

Problem De� nition and Geometry
The geometryconsistedof a generic � nned-missilemodel 21.5 in.

long.The surroundingcomputationalgrid was constructedand mod-
i� ed using commercial software.17 The � rst structured block grid
contained 2:31 £ 106 cells. A larger grid was also used containing
4:77 £ 106 cells.The largestgridhad 10:72 £ 106 cellsandwas used
to test parallel scalabilitywith problemsof increasingsize.To calcu-
late DPT for a givengrid requires the number of cells and numberof
iterations per period of RCS calculations.These are constants for a
� xed grid and are automaticallycalculatedin settingup grid connec-
tivity and estimating time-step size. For grid 1, Nc ¢ N I D 1:4 £ 109;
for grid 2, Nc ¢ NI D 2:0 £ 1010; and for grid 3, Nc ¢ NI D 9:2 £ 1015.
An electromagnetic sinusoidal wave varying at 4 GHz illuminated
the target.

Data Collection and Reduction Methods
CHARGE solves the electromagnetic equations in the scattered

� eld formulation and calculates the RCS for a given target. Output
includes the values of dependent variables (electric and magnetic
� elds) and the RCS after each period. Convergence is reached when
the RCS varies by 1% or less. For this problem, this stage was
reachedat about20 periodsof RCS calculations.The executiontime
for a given number of periods then represents the measured run time
to be used in data reduction. The number of processors is set at the
beginning of program execution.From these two numbers, one can
obtain theaveragerun time perperiod,relativespeedup, and relative
ef� ciency.On the SGI Origin2000systems,programexecutiontime
was obtained for 5, 10, 15, 20, and 25 cycles combined with using
8, 16, 32, 64, and 128 processors. Program execution time on all
of the other machines was obtained for 5 and 10 cycles, combined
with using 8, 16, 32, 64, and 128 processors.

Calculating DPT requires the average run time and the problem
size parameter equal to the product of grid cell number and iter-
ations required per period of RCS calculations as de� ned earlier.
Floating point operation rate and memory usage required special
utility functionsavailableonly on some of the parallel systems used.
These included ssrun on the SGI O2K and JA on the Cray T3E. On
the SGI O2K, ssrun tracks the number of � oating point operations



AIAA JOURNAL, VOL. 39, NO. 11: TECHNICAL NOTES 2221

per processor from which an average can be obtained. Because the
same problem was solved on all four parallel systems tested, the
FLOP rate is determined for each system once the average run time
is obtained. The number of FLOPs per processor were obtained on
the SGI O2K using 8, 16, and 32 processors. Memory usage on
the Cray T3E was obtained with the JA utility using 8, 16, and 32
processors.

Average run time for the SGI O2K was calculated by dividing
total program execution time by the number of periods speci� ed,
then averaging the numbers obtained. Alternatively, one may print
the time required per period during a calcuation. This then gives
an average run time per period of RCS calculations by combining
data from the 5- and 10-cycle computations.Another way to obtain
run time per period of RCS calculations would be to add all of the
execution times for a given number of processors and divide by the
total number of periods represented.This is not a true averagebut is
still representative of the time required to execute the program one
cycle on each machine.

Results and Discussion
Results of the average run times for each machine were tabu-

lated by Camberos and White.9 The average run time per period
decreased as the number of processors increased. A program ex-
hibits good scalability if the execution time is approximately cut
in half as the number of processors doubles. Ideally, this would be
perfect linear speed up. Good program scalability can be observed
in the general trend of the data for all four machines. Figure 1 de-
picts parallel performance as measured by relative speed up. The
results show a maximum speed up from 84.59 to 119.88 times the
extrapolated single processor performance. The best performance
was observedon the Cray T3E with a speed up of 119.88.Following
this were the relativespeed-upvaluesof 99.40and 96.69on the SGI-
O2K and the IBM-SP3, respectively.As one might predict from the
hardware speci� cations, the speed up on the IBM SP2 trailed the
performanceon the other machines:The CEM code’s relativespeed
up was only 84.59 at the maximum number of processors tested
(128). Parallel computationmaintains an ef� ciency of 93.7% on the
T3E with 128 processors.This drops to 77.7 and 75.5% for the O2K
and SP3, respectively.Parallelperformanceon the IBM-SP2 trails at
66.1%.

The performancelevel of the codeon the Cray T3E is noteworthy.
In part, the successresults from the T3E architecturethat con� gures
the system nodes in a three-dimensionaltorus. The T3E also has the
highest bisection bandwidth for memory accessing among the four
platforms tested. This translates into more effective parallel com-
puting as the number of processors increases,with a corresponding
increase in communication time. On any machine, maximum speed
up and ef� ciency are realized by balancing the workload per pro-

Fig. 1 Relative speed up for selected machines.

Fig. 2 Data processing rate results with 2:3 £ £ 106 cell grid.

Fig. 3 FLOP rate results with 2:3 £ £ 106 cell grid.

cessor, minimizing interprocessor communication, and managing
cache memory effectively. In Figs. 1–4, speed up based on single
processor performance is around two orders of magnitude on 128
processors with parallel ef� ciency still acceptable on the four plat-
forms tested. For very large-scalenumerical simulations, the maxi-
mum memory size of each processor (or node) imposes a minimum
on the number of processors required. This makes the maximum
speed up that a distributed memory parallel computer can achieve,
relative to a singleprocessor,unrealizablewhen theproblemsizeex-
ceedsthe processormemory available.The shared-distributedmem-
ory con� guration,such as the SGI-O2K, is free from this restriction.

A different order of performance is observed in noting the data
processing time shown in Fig. 2. Here a higher processing time
means slower operation, an undesirable attribute. When only eight
processors are used the IBM-SP2 has the highest data processing
time (8.06 ¹s per cell per iteration). This is followed by the Cray
T3E at 7.49 ¹s per cell per iteration.Performance of the CEM code
based on data processing time on the SGI-O2K and IBM-SP3 is
comparable at 6.46 and 6.26 ¹s per cell per iteration, respectively.
When using 128 processors, the parallel performanceof the code is
nearly identicalon the O2K, SP3, and T3E, demonstratingthe more
effective interprocessor communication of the Cray machine. The
IBM-SP2 remains slower by about 0.763 ¹s per cell per iteration
with 128 processors.

Figure 3 shows the FLOP rate for 8, 16, and 32 processors on
each machine. A desirable trait here for any computer program is
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Fig. 4 Parallel ef� ciency on IBM-SP3.

to exhibit a steady, if not strictly constant, FLOP rate, preferably as
high as possible. A steady rate means that as the number of FLOPs
per processordecreasewith an increasingnumber of processors, the
execution time decreases in direct proportion. The performance of
the CEM code CHARGE basedon this criterionis quite goodacross
all parallel platforms tested. From Fig. 3, the FLOP rate varies from
65 mega-FLOPs on the IBM-SP2 to 84 mega-FLOPs on the SP3.
Performance on the SGI-O2K is comparable at 82 mega-FLOPs
using eight processors. Performance on the Cray T3E is about 70
mega-FLOP, which is about 17% lower than the IBM-SP3. These
results demonstrate that speed up and ef� ciency do not completely
describe the parallel performance of a computer code, and a wide
variety of tests should be made to ascertain a code’s effective use of
parallel architectures.

In additionto demonstratingthe portabilityof thecell-basedCEM
code CHARGE, the tests performed in support of this work also
show its scalability with problems of increasing size. On a given
machine, a good parallel code should exhibit better scalability as
measured by speed up or ef� ciency as the problem size increases.
This codedemonstratesexactly thisbehaviorin Fig. 4, which depicts
the relative ef� ciency on the IBM-SP3 with grids increasingin size.
Figure 4 clearly shows that computing ef� ciency steadily improves
as the size of the problem increases. With 128 processors used, the
relativeef� ciency increasesfrom75.5 to 86.2%,and� nally to 96.6%
for grids comprising 2.31, 4.77, and 10:72 £ 106 cells, respectively.
The trend is easily explained by the reduced communication over-
head in comparison to the number of FLOP operations required for
each problem. The authors also obtained results on the latest SGI
Origin 2000 system with R10000 processorsrated at 300 MHz. C. J.
Suchyta of SGI performed the calculationsusing 8, 16, 32, 64, 128,
and 256 processorsfor � ve periodsof RCS computations.Run time,
speed up, ef� ciency, and DPT support the conclusions reached ear-
lier. Up to 128 processors, the results look quite good and compare
favorably with those obtained on the other machines.9

Resource utilization in terms of memory usage was obtained on
the Cray T3E system using the JA utilityavailable.Maximum mem-
ory requirementswere about1.78 GB for the 32 processorcase.This
indicates that for this very large-scale problem (grid comprised of
2:31 £ 106 cells), a minimum number of processors is required to
obtain a solution,making comparisonwith a serial or single proces-
sor machine impossible at present.

Conclusions
All computer simulations that solve differential equations

have a physical domain of dependence. Data transfer within a
computational domain is necessary. With the domain decomposi-
tion approach adopted for parallel calculations, data exchange is
required at the edges of the domains. For the most effective use
of parallel computer resources, the interprocessor communication

overhead should be minimized by fully utilizing processor mem-
ory. Therefore, problem-speci�c memory requirements should be
matched appropriatelywith available processor partitions. In short,
parallel performance analyses re� ect how well hardware and soft-
ware are matched. Nothing is gained with vast computer resources
if the software does not utilize those resources effectively. Thus,
programming efforts in algorithm design remain a crucial task to
exploit fully and harness the considerablepower now availablewith
parallel computing machines. The results of a performance anal-
ysis for a � nite volume, time-domain, cell-based CEM code have
been presented. This work supports the conclusion that the code is
portable, scalable, and performs well on various massively parallel
computer architectures.
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